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Concerning the Invariant Theory of Involutions of Conics. 


By Wayne SENSENIG. 


§1. Iyrropucrion. 

The complete system of invariants of a single conic 
f= AF = Ago + 201 9%jXo+ ..-- 
consists of four members: f=a?, L=a2, D=az, and u,. The complete system 
of invariants of two conics consists of twenty forms and this was derived first 
by Gordan and was first published in Clebsch’s “ Vorlesungen tber Geometrie.”’* 
H. F. Baker derived the complete system for three, and incidentally two, 
conics.t Ciamberlini has published a determination of a complete system for 
three conics. ¢ 

The object of this paper is to derive and reduce in terms of the system 
of two conics a2, b? the complete simultaneous system of the involution 
K=a?+kb? and the harmonic conic /’=(a8x)’. The complete system of K and 
F is expressed in terms of the complete system of the two base conics f=a; and 
g=b2, which determine the configuration. 

In Bochers “Introduction to Higher Algebra,” p. 164, it is shown that if 
two conics f, g intersect in four distinct points there exists a (non-singular) 
collineation which will reduce f and g simultaneously into the normal forms 
given below. Note that the equalities hold only by virtue of the equations of 
the collineation: 

az=aaj+baz+cag, br=pxitquz,t+ray. (1) 
In Table I, I give the well-known symbolical forms of the system of f and g, and 
also the normal system which I have computed from these symbolical forms by 
particularizing the coefficients of f and g, respectively, according to the follow- 


ing scheme: pe eee - = - 
A110 = Ayr =A u=V, Ag =A, A= = 9, = Annz=C, 


byo= Sin =O =9, Dey =P, Yon=Q, Yon="- 
Throughout the paper we have used the algorism for ternary transvection 
given by O. E. Glenn in the Transactions of the American Mathematical Society, 


* Of. Osgood, AMERICAN JOURNAL OF MaTHeEMaTICS, Vol. XIV (1892), p. 262, “System of two 
Simultaneous Ternary Quadratic Forms.” 

+ Cambridge Philosophical Transactions, Vol. XV (1889-93), p. 62. 

£ Giornale di Matematiche, Vol. XXIV (1885-86), p. 141. 
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Vol. XVII (1916).* This algorism is analytical but it will suffice here to 


describe the transvectant t of index (3) of the two forms 


PAs hese OG MigeatGgs. WE Dy 0 Cie. 2 oo 
where A and B are constants, as AB/u times the sum of all terms gotten by 
forming in the product 4, in all possible (u) ways, 7 convolutions of the type 
Aip,, j of type (a,b), & of the type a,,, and / of type (6,7). Then 7 is 
abbreviated as 
T= (9, V)i- 

In deriving the system of K and F we have evaluated each member as a 
transvectant and then reduced each form to a rational integral function of the 
members of the fundamental system of a? and b?2, expressing each one in the 
form of a polynomial in k. These reductions were performed by means of 
the following fundamental ternary identities, and their modifications: 

(abc) d,— (abd) c,+ (acd) b,— (bed) a,=0, 
a, 0a Ua (2) 
(abu) (aBx)=|ag dg Ugl. 
a, b, Uz 
The result for each case was then checked by direct verification, for the system 
of normal forms given in Table I. Table II contains the summary of the results 
of the reductions for all twenty concomitants in the system for & and F. 

In Table III of the paper we give the fundamental system of the involution 
a?+kb? taken with a third general conic c?. All concomitants in this system 
are expressed as rational integral functions of certain forms of the system for 
three conics as given by Baker; in fact in terms of the sixty-one forms of this 
system which are the simplest and therefore the most important in geometrical 
applications. This set of sixty-one concomitants is given below: 


f=@, g=b?, ,=(acu)’, B=(beu)’, Cy=(acu)a,c,, Cy=(beu)b,c,, 
C, =a,0,(abu), Ay=a?, Ag=0i, Ag=ci, Agee, Cy=OyAaYy, 
Cy=dybiyuy Cog Calrbus Cyp=C pC, Bu, Ca = (OVC) Ona Cu=(By%) Buu, 
F,=(ayz)*, Fi=(Byx)*?, Cu=Cateys (aye), C=Cperyu(Byx), 

C= ay0,0,(ayr), L’=yi, Ca=aycy,(acu), Cy=b,czy,(beu), 

Cog=O,0q%, (acu), Coy=b,0p8,(beu), Gy=a,Cud,c,(aye), G,=b,cgb,c,(Byx) , 
T, =@,¢,Ugt(acu), Ty=b,cgugu,(beu), J=u,, M=(abc) (abu)c,, 

N =(abc)?, O,=a,b,y,(abu), O,=a,b,y,(abu), O;=b,c.a,(bcu), 

Or. =4,C8,(acu), P=a,a,b,b,, Qi=4,b,c,7,(abc), Q,=4,dyC7,( abe), 


ee La ee ee. ee 
* Cf. Glenn, “Theory of Invariants” (Boston, Ginn & Co., 1915), p. 227. 
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R, = (a’be) (acu) (abu)a,, R,=(ab’c) (beu) (abu)b,, S,=b,¢,(beu), 
S, =agCg(acu), S3=a,b,(abu), T,=b,b,a,(ayx), T= v0ay, (oye), 
T, =0,0,8,(Byx), Ty=ag0,uy(Gyx), Ts=b,b,8,(Byx), U,=b.b,(ay%), 
U,=a,a,(Byx), V=a,b,c,(abc), W=a,b,c,(abe), X,=b,¢,b,c, (aya), 
X,=4,C0,C,(Byx), Y=(acu)(abu)(beu), 2,=b,cquau,(beu), Z = 4,,CgUgt,(acu) ; 
where those preceding J are concomitants of two conics and those following 
J, of three conics. 

Professor Glenn suggested the problem of this paper to me and gave me 
much valuable advice during the investigation. 


TABLE I. 
Normal System of Two Conics. 
f =@=a?=a;*=ete.=ani+ba3+ca9. 
g =0?=b?=)072=ete.=paitgqautray. 
D: =a-=6abe. 
=0,—6p9r. 
LT =a? =2(bevw?+acuz+abu3). 
L' =62=2(qrud+ prd+-pqna). 
@ =(a?2, b2)%= (abu)?= (br+eq) uit (art+ecp)uz+ (aq+bp) us. 
Cy =(a;, 02) = (abu) a,b, 
= (aq—bp) a,X_U3+ (Cp—ar) %,Xgua+ (br—cq) HX th . 

9. Ay,= (az, Bu)oo=ap=2 (agr+bpr+cpq). 
10. Oe = (45,'0;) = Ops By=2 ( (AqrayU,+ bpraua+ cpgxzus) . 
11. C, =(02, b2)%=a,0,0,=2 (bepau,+acqx.u,+ abragus). 
12. Aye= (ai, 63) %=0;=2(bep-+-acgq+abr). 
13. C, =(a4, Bi)a= (aPe)a,8,, 

=4 [er (bp—aq) uytets + bq (ar—cp) UyUsX_+ ap (cq—br) Uguigay]. 
14. F =(a1, Bilo= (a8a)’ 

=4[ap(br+cq)aj+bq(ar+cp)a;+er(bp+aq) x5]. 
15. Cs =(ai, 0582) i=a, (aBa) 6,8, 

=4[aqr (br—cq) x03, + bpr (cp— ar) U,%,U2+ cpg (ag—bp) xyH%yug]. 
16. Cy = (a2; 670%)n=G,(abu) 0,8, 

=2[p*(cq—br) uss + @ (ar—cp) wget, + 1*(bp—aq) usta] 
Af Coes OF =e az, b2)j=a, (abu) a,a, 

2[a?(cq—br) uyusa, + b? (ar—cp) uyUgX,-+ c? (bp—agq ) UUs]. 

18. C; ae 7an, Be) == G(aB@) a,0,, 

ere bp) a,H,U,-+ acq (cp—ar) #0 U, + bep (br—cq) Xaxyu,]. 
19. G =(fL, gL’)i=aga,(a8x) a,b, 

=4[a’qr(br—cq) +b’ pr (cp—ar) + c’pg (aq—bp) | XXX. 
20. TL =(fL, gL')#=ago,(abu) «3, 

=4[p*be(cq—br) +q’ac(ar—cp) +r’ab (bp—agq) ] uugus. 


OrNAa MR wey 
) 
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§ 2. Repuctrion oF THE System or K anv F, 


The complete system of K and F is obtained by forming and reducing the 
transvectants of K and F' which correspond respectively to the transvectants 
of f, g required to produce the system of f/f, g (cf. Table 1). Thus a member 
of the system of /, g is P=(f,g)0%. Hence the corresponding form of the 
required system is 

b' = (K, F)o. 


T have not included in this paper all of the reductions which were necessary 
to produce Table II; but only typical ones. The most complicated cases of all 
were C;, G’, and I’. Weadd that the reductions for 3,4,5,6 in Table II had 
been given previously.” 


The Form ®’. 

= (K, FP) B= (al-Lhb2, (08)2)9= (a2, (a8)2)8+K(0, (a8) 
= (aaBu)? +k(baBu)? = (Ag g—Aga) > +k (bgug—Dgva)? 
= AUR + ABU, — 2A eA glaip +k (bougt baug—2b Dd gvatig) 
= DL’ + Ay,L—2 (aa'a’’) (a’a’"U) agug 

+kh[D’L+ Ay.L'—2 (bb’b”) (b’b’u) bug) 
= DL'+ Aj.Ll—%DL' +k[D’L+A,.,.L'’—3%D'L] 
=4DL'+ Ay b+k[4D'L+ AypL’'). 


The Form C3. 
Cx= (a2 + 2h (abu)? +k Bi, (yd)2)%, where a=y and B=6, 
= (a5 (70): yi o+2k[ (ab)i., yo) rote (Bi, (v9) z]i0 
= (ay) ay (52x) + 2k (abyS) (abu) (ySar) +H (By8) By (yx). 
1. (ay) og (y8x) ==4 (ay) | (52) a4— (adr) 7} =4 (ayy) [ (a8) ary— (ary) 8,1 
=4(ayd)*a,—4 (ay8) (aya) 6,. 
(ayd)(ayx) d, =(aa'"a¥$)\(aa”a’a)8, = (a7 al¥ —al’ay’)(ag’ al’ —al’ ay’ )6, 
=[(a’'a’a’’)(b'b"al¥) — (a’a’al)(b'b"a"”’)] [(a’a’'a’”’) az” — (a'a""a’ az") 6, 
= [(a’a"a’")*al¥ al’ — (a’a"'a’”) (aaa) a5’ a,” 
+ (a’a'al’) agai’ —(a’a"a’’) (aaa) ag’aryy 16, 
=D- aj’al’B,—4D - aval’B, +D- aga,’ B,—4D - ap’ az" B,=sDC,. 
*. (ayd) (bx) a,=3DAj0,—%DC,; since (ayd)*=$DAy» ,(Byd)?=sD' Aw. 


*« Algebra of Invariants,” by Grace and Young, p. 293, Cambridge University Press, 1903. 
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9, (abyd) (abu) (78x) = (a,bs—ayb,) (abu) (48x) =axbs (abu) (482) 
—agb,(abu) (a8x) =d,bg(abu) (aba) —ks 
_2DD'u,—h, since dgba(abu) (ab’bx) = agbg(abu) [by b,—bab2 ] 
—a,b/’b,b’,(abu) —aababgb: (abu) = (aa’a’’) (a’a"’b”") A cyuy0 pO 
—(aa'a’) (a’a''b’) A euydgby =D (b" bu) (bb’b”’) b;, 
—4D (b’bu) (bb’b”) bf =4D (bb''u) (bb’'b’) bb, + 4D (bb’u) (bb’b") bY 
—1DD'u,+$DD'u,=sDD'u,. 
3. (Byd) (ya) Bu=3 (By) [ (78x) But (By) 5.) = 8 (Bd) [ (782) Bat (8x) 6,1] 
=1 (By8) [ (B78) aut (B30) yu) =4 (B79) "eet 4 (By?) (882) 7a. 
§ (By) (Bd) y= (0"B'B) (D"B’2)a,=4 (daly — apy) Byds —bibp) ay 
=e [0's Diy, chy — A hg B,D ety — Aig Cl pD D's Ory + Gat grb pr] 
= 20g Dgd, a, = 2(b'D'"b") (DD a! YD! (ang dy y= 3D (a'b"'a") b7 ty 
— —2D'bi by a,= —zD'C,. 
-. (Bys) (vdx) By=3D' Anu,—3D'Cs . kg agb,(abu) (aba) =sDD'u, 
+ Ay C,—AiA 2s + ACs. 
.. Ch=3D Ayott,—3DC2+ 2k | 1DD'u,—Ay2C2t AmArz—AinCs} 
+k? ($D’Ay.u,—3D'Cs) . 


The Form C7. 

Cr= § (a2 + hb?) (0% 4+ 2h (ab)E +h Bi), (4B) 3 {0= jaar, (a’B)z\%0 
+2k{a2(a’"b)2, (a8)2 hot kta: 2, (a8’) 24+ { beat, (@'B) Zh i0 
2H {UE (ab'")2, (4B) ABE HE OBE, (a8). 

1, jatat, (a’B)2}% = (aa’B) (aa’ Bu) a,a,= (aa’B) | agen —AeBu| dau 

= — (aa’B) dy Pudsby= — (aaa) (aa Ba) 60.01 
=—4D (Bax) 4,8,=3DCs. 

2, Ja2(a’b)2, (a8) 24% = (aba) (aaBu)a,(a’"bu) 

= (a/b s—ag Da) (Agey— FP) a,(a’"bu) =—ag' baagt,0,(a’’ bu) 
+a's'bgdaB,4,(a'"bu) (Terms containing a,’b, vanish.) 
= (—AjoC;+4A12C—$DCs) +4D0.=4AwC,—AinC, . 
For, a3’ Gg4,b a, (abu) —ag? + a,b,a, (abu) 
= Ag A,D qa, (abu) ag— (abu) ag’}==ag'a,b,4,[ (aa’’b) ug— (aa’’’u) bg] 
=4),a,,(aa’’b) [a,a/s’—agay,’]— (bb’b”) (b'b"'a'"") bya z, (aa’”’U) 


=4b,0,Ugh, (4x8) —$D’ (a’"a'a"’) (aA W) Bay Ge =F hy yy ep) Up- 
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But, a,0,0,%(26),Ug—O5 * AyUp(avB) =a,a,Ue[ (2,8) 0,— (ax) ay] 
= 0,0,Ua[(aax)bg—(aaZ) b,] =(bb'b")(b'b"'u) a,a, (ear) —a, aU, )d, 
= = yA ,Ugd, [Ag Ag—AgAg | = Aq yA (qn gd Ug— Aq Oy Acar) Up's 
= 4D (bua’) agb,ug—4D (ba’'u) bag ug=%D (abu) agb,ug=3DCg. 
*, Ag 00,b,0, (abu) = AyeC,—4Ay~C,+4DC,. 
3. {a282, (aB’)? (= (BaG’) (aa’u)a,8,= (BaB") | aga,—a,8% 10,8, 
=a,a,0,8,|0,b%)—biyb"” | —4D( 8’ Ba) 8,8,= (bbb (DD a)b'jna,a,b, 
— (b’b’b"") Coe a) bee 4) AyA,04¢ —0 = —4D'C,. 
4. {b2ad, (a’G)2 18} = (aa’B) (ba’Bu)b,a,= (aa’B) |B ga,—a5B yt Dade, 
= bga,b,4, (aa’3)—b,8,b,0, (aa 8B) =0—by8,,b,0,4 A445 —4pay,|=%DC,. 
5. {b2(ab’”")3, (a8)2{% = (aba) (bau) b,(ab"u) 
= (a,bg’ —agb7’) (bga,—b.8,) b, (ab’”’u) =0—0—agb7'b,a,b, (ab’’u) 
+ gba'b.8,b,(ab"’"u) * = —4D'C, + [AieCs—tAieC,+4D'C;| 
= Aq Cys—4Ay.C,; * similar to 2 
6. {b282, (a8’)2{% = (BaQ’) (baB’u)b, 6.- = (bibs — bed?) (bga,—boBu) 6,8. 
ab bib gciyb,B,** —B1b'1b 81D By —Diyb!"b pray ,B,-+ by b!'D 8; eB,- 
= (b'bbY) (BBY) b'4yb5b 4, = 4D" (bub!) B.D, cn, 
=}D’' (bub’) a, [bib,—b/b,] =4D’ (b’bu) a, (b’bax) 
—4D'B'"'a, (Bax) = —4D'C,. 
Also, b4yb//Bga,b,3,="* by b'~b", and —b,b4b,3%b,3,=b'yb1'b,3/b,8,=0. 
Hence } 6207, (a8’)2}13=—4D'C,. 
6 C= S4DOy+k} AyyCy—24 yoo) + $DCo} +} —ArsCy+ AryzCs—3D'C;} 
433 (—4D'C,). 


The Form G’. 


G'=[ (a, +kb?) (a +2k (ab)? +h B82), (aP)s(Bacap 5+ 3b,bia— 20505 (ab), li 
= Sandel (azay, (0B) 287) n+ 2k (az (a’"'b) i, (a8) 2B? n+ (a28i,(a8’) 2B.) 8 
HK (bran, (0B) Br) + 2k 07 ab"), (48) 287) 9+ ( 0282, (aB’)38%") 
Wee (a'B ra” it 2h (az (ab) i, (a8) iar) it 
+h (aZBi, (aB' ean) ik (bear, (a'B caw?) + 2h b: (ab )i, (4B) Zan?) io 
+k? (bz Bi, (a8")2a.') 11] —2agdel (ara, (a’B)2(a%b) i) 1 
+ 2k (a, (a'"b)i, (a8)2(aN Ot (azBi, (a8')z (ab) A) i 
+k (bray, (a/B)2 (ab) i) + 2h (b(ab'") i, (aB)i (ab) i) it 
+h (b282, (4B')2(ab") i) in 
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=3a2a3 [ay (aa’B) (a3'x) a,(a’Bx) + Qkag (a baB) (a’”"bB'x) a, (432) 
+ Ka, ( Gap") (8B"2) a,(a8'«) + kbp (a’B) (a8'x) b.(2'82) 
4. 2k%by (ab a8) (ab B’x)b, (aBar) + kbp» (BaB") (BB"x) b.(aB'x) | 
+3b3b2 [aa (aa’B) (aa’’a) a,(a’Bx) +2ka, (a’'’baB) (a’’ba'x) a,(aBx) 
4 Hay (BaB") (Bax) a, (aB'x) + kbar (aa'B) (aa!’x)b, (a’ Bax) 
42h, (aba) (ab"a’x) b, (aBx) + by (BaB’) (Ba’x) b. (48's) | 
—2a2b3[ (ab) (aa’B) (aa"ba) a, (a’Ba) 
4. 2k (aal¥b"") (aba) (@”"ba’b"'a) a, (aBe) 
41 (aa’’b) (Ba) (Baba) a, (aB'x) +k (bab””)(aa’B) (aba) b,(a’Bx) 
42K (ba”b™) (aba) (aba) b, (aB2) 
+18 (bab) (Bap) (Bab*a)b, (a8'x) 1. 
=3D Ar [0+2h(—A eG) +h? (—3D'G) +h (0) +2k? (0) +k? (0) ] 
43D’ Ay [0+ 2k (0) +42 (0) +k (3DG) +2 (AG) +k?(0)] 
—2DD'[—4DG4 2k (—4AinG) + (0)+k(0) 
4+-2h? (4AinG)+h(4D'G)). (3) 
Collecting terms, 


G’= {2D?D'! +k (4DD' Ay—6D A jp) +k? (6D Aijy—4DD' Ay22) —2DD" -k?'G. 
The calculations are shown below: 


ale dg (aa’B) (a@'a) a, (a’ Ba) =ta,za,(aa'B) L (aQ’x) Cpr) — (a’B’x) a (Gry | 
=4aya,(aa’B) (a'r) (B’Bx) = 4a, (aa’x) (B3’«) [ (aa’B)B,—(a0'B’) Bo] 
=1a,(aa'x) (BB'x) [ (a’BB") da— (48 8') 4a] =0. 
2. by (aa’B) (a8'2) b, (a' Bx) = (bb”™) (b'"b"¥ xa) b, (aa’B)(a’Bxr) 
=1D'(xam), ete. =0. 


3. dy» (aa’B) (aa"'e) a, (a'Bx) = (aa*a") (a%a"'xa)a,, ete. =0. 


4. yu (aa’B) (aa'x)b, (a’ Bar) =Byr(aa’B) Lala’ —aiay. |b, (a’Ba) 
=Dan(aa’B) aynat’b,(a' Bx) —bar (aa’B) a.ayb, (a Ba) 
= (a’a‘a%')(a%a"'b) [aia — apay ai b,(a’ 8x) 
—(a’aXa’!) (aad) [auag —Op0e"] ab, (a’ Bx) =4Db aga, b,(a' Bx) 
—4Db,aya'/b,(a' Ba) —4Db,a1,a,b,(a' Bx) +4Db,a,a,b,(a’ Bx) 
—2Db,a'ta’lb, (a’Bx) —3D (bb'b”) (b'b" xa’) b,a% a =3DG—D. 
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5. (aa"b) (aa’B) (aa"ba) a, (a’ Bx) 
= {ayai—aja’s| (a’Bx) {a¥b,—aXb,a,(aa"b) =al,a%a¥b, (a’Bx)a,(aa"b) 
— aia ayb,(a' Bx) a,(aa‘b) —agayarb,(a' Bx) a,(aavb) 
+azayayb,(a' Bx) a,(aa‘b) 
=0—(a’a'"a'’) (aa! Ba) Agar) dg 0,4, (aah) —O 
+ (a’a'"a'’) (a’"' a” Bac) arg" g0,4, (aad) 
——4D (Bxa’’a’) agb,a,(aa‘b) +4D (Baava’) agb,a,(aab) 
= —4D (aga) —a‘‘ay)agb,a,(aa’b) +4D (aga,—ay ag) agb,a,(aa‘b) 
=4Da,aiagazb,(aa‘b) +4Dazgazagb,a,(aa‘b) 
=¢Daiagb,(aa‘b) \a,a3—agay | +4Daiagb,(aa‘b) | aza,—ay ag} 
=tDa‘agb,b,(ax8) —$Daazb,b,(aBx) =—4DG—4{DG=—4DG. 
6. (bab) (aa’B) (aab’’”)b,(a’Bx) | 
= (Ay — Ape) (a Bx) (a,b —agby) b, (bab) 
= 0103 0,b4 (a’ Ba) b, (bab) —0O—agaya,by’ (a’ Bx) b,(bab’’’) +0 
== 260g 0,0, (a' Bab, bab’ )=2(a’a’’a” a'"a¥ Bx)a’ rn dzb,( bab") 
=2D (Baad) aza,b,(bab’”) =3D \aybs’ —a'/by' taga,b, (bab’”) 
= — 2Daibz'aza,b,(bab’”’) = —3D (b'"b'b”) (b'b"a"’) b Gaya 4,6, =9. 


7. ap(a’’baB) (a"bB'x) a, (Bx) =aga, (a bg—a'bg) (apd, —a"by) (a Bx) 
=p, (aBx) Lay’ bgag’ b,—ay bga.'bg——ag bap b, + bear bar] 
= (a'"a'a”) (a’a’""Bx) Agr Agd,bgb,— (a’”’a’a"’) (aa Bx) a,b gd gigi, 
— gb gAp bag, (abr) + (bb''b'') (bb a) byay’ aga, (aBa) 


— 


=4D( Ba’ )aga,bsb,—0—A yoG+4D"(aa'a" a’a"’ Bx) a4, Ag = —AynG. 
8. by (aba) (ab’”B’x) b, (a Bx) = (bb'"b') (bb aab’”) b,, ete. = 0. 


9. dy (aba) (a’’ba'x) a, (a8a) = (aa’’al”) (a’axB) a, (Ba8’) (aB'2) 
=4D(x£8x), ete. = 0. 


10. bg (ab’"aB) (ab’’a’a) b, (a Bax) =DBayb,agb,/0,b2 (a Ba) 
But, bed,b2’ ba pa,(a8x)—b2b bapa, a8x)=b1"'b,ag0,(a8x)[b,b2’—b,0.] 
— 1b aga, (a 3x) (bba'a) =4a,b,ag(bb'"a'a) [ (08a) a0 — (a BH) ty] 
=1a,b,a,(bb'"a'a) [ (aBa’) bd,” — (ama’)b4’] =0. 


Dy (aba 8) (ab’"a’a) b, (aBax) —AyG. 
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11. (aa!¥b’”) (aba B) (aba) a, (482) =—F AG. 
For, (aa'¥b’”) | a’bg—ag'b} (aBx) a,} (a’”’a'Yb'’) b,— (ba*b'”’) az} 
= (aal’b’’) jay’bga,(aBx) —ag’b,a,(a4Bx)} $(a'"a'¥b'”’ \b,—(ba'’b’”’ az}. 
(aa’b’”) aZ’b ga, (aBaya’’a’b’” \b,=0 
and (aa'’b’’)ay’b,a, (aba) (ba'’b’) az’ =0. 
But, — (aa'’b’’) a’z'b,a,(aBa) (a’a'’b"’’) b, 
= —4b,0,(a8x)b,(a’”al¥b"”) [ (aa*b"") az’ —(aa""b’”) al] 
——4b,0,(aBx)b,(a’’a"¥b"") [ (aaa) by’ + (a¥b"a"") ag] 
=}(aa’al*) (a""a!¥b"") a,b, (aBa)b,b’—4(a""a¥ab"”)b 0,05), (482) 
=—4AnG. Also (aalb’’) ag’b.a,(a8x) (balYb’’) az" 
=$a'z'a,a', (ax) (bat¥b’”) { (aat¥b’’") bg— (aalYb) ba" | 
= 407/40," (ax) (bab) | (abb’”) al” — (al) a} 
=taz'a,a;, al’ (a Bx) (ba'vb’”) (abb"’’) +3 (bal’b’’’)?a,a3a,a," (a8) 
= (aYa’a”)(a’a" Bac) A Yin Gg 4,02 (abb"’)=4D (Baxb’"b) Ag a,a, (abb’’’) 
={D{0p'0,—b."0 5\a5"a,a%” (abb”) 
4D (b'"b'b") (B'D"a"") Bb ,a,0,” —ED (bb'b") (BBA) B cynaybs’ a0" 
=; DD’ (a’"ab) a,0,'b, —ts DD’ (a’'"b'""a) ay'a,b,' =9. 
12. (ba’’b!Y) (4b"'aB) (ab a" * x) b, (aBar) 
= (ba”b!”) | abi” gb" {Bceay} (aa’”B™” BL" — (b'"a"D™) a,b, 
=0—0— (ba’b'”) agby’ (aBx) (aa’”’b'”) bb, 
+ (ba’’b'Y) a,by’ (a Bx) (b’"a'"b™’) a,b, 
= —4b,b7'b," (aBx) (aa’’b™) | (bab) ag— (bab™”) ag’ | 
+4a,(a8x) (b'"a'"b'Y) a,b,{ (baby) by” — (ba"”’b"”’) ba } 
= —3b,b7'by" (aBx) (aa’’b'’) § (baa) BF’ + (aba) Dg} 
+ 4a,(aBa) (b'a'"bY) a,b,} (bbb) ag’ — (ab) ba} 
=0--0--0+-4 (a’"b'""bY )?aga,b,b4( 48x) =4$AjnG. 
13. ag-(BaB") (BB's) a, (B's) =apr|b.b4—Diyb” | |b by —Biby,| (B'aa) a, 
=0—ay,,b,b) (bb DY) (bb a) by, 
— Gynt, (b'D'BY) (b'"b a) by. bab; +0 
= —4450,b,b,D' («a 8B") —} ag 0,b7 7 D’ (waB") =—3ZD'G. 
14. by (BaB") (BB'x) b, (aB'x) = (DbYD") (bYD™'xB) b, (BaB") (aB'x) =0. 
15. ay(BaB") (Ba'x) a, (aB'x) = (aa’"a™®) (a’”"a""2B) a, (Ba) (a8'x) =0. 
16 
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16. by (BaB’) (Ba'x) b, (aB'x) =ba | baby —beba | | babs —brbat (B’xa) b, 
=0—(b"b"'b'") (b'"bV x0.) b7:b,b.0 ba 
—(b'D'" BY) (b' Dea) bb by b, Da +0 = —4D' (xaa’) bib2b,ba 
—1D' (aaa’) bY b1/b,by = —3 D’ (aa’x) bybab.b, 
——2D' (aay, —a,a1,) bb gb,b, = —3 D' (aaa) (aA) Qanyn ds bbz 
+2D' (aaa) (aad) arab a:b; = —3 DD’ (ba''b’) b,b,a, 
+2DD’(bb’a’)b,bia,=0. 


17. (aa’’b) (BaB’) (Ba'"bx) a, (a8'x) 

ee ade 11D —Diybe | faz’ bg—ag Dz 
— (aa’"b) (a8’x) a,b, a/b g—bi ya'g'b, —Dabl ar bg +bybiag b, | 
==(b''0' 7b" ) ee en bia,(aa’’’b) 

— (bb DY) (b'" BVA) bmgnd,b4a, (aa’’b) 

— (b'D'"' BY) (b'"B' ZA) Digna’ bga, (aa’"d) 

+ (bbb) (bb xa) Digigind 0s 4,(aa""D) 
—4D'(bb'a) bia,a’"" (aa’’b) —4 D’ (a’"b'xa) b,b,a, (aa’”’d) 

—4D'(b"bxa) ba,ai" (aa’"b) +4D' (b"a’"'xa) bby a, (aa’”’d) 
= —3D'$a"’b,—ay'b’,| b,bia, (aa’"b) = —3 D'bZaz'b,a, (aad) 

2 D'ai’b..b,bia,(aa’"b) =3 D' (a’"a'a") (a’a’’b’) Aeayb2b 4, 

—2DD'(b’ba) bib,a,=0. 


18. (bab) (Ba8") (BabYa)b, (aB'2) 
= (bab’) (Bab¥a)b, {bi bg —Dpby | | aga —araprt 
= (bab’) b, [bib papa, —b,d 00 g)—D by Apa, +0 gbg 4205] (a,b5—agbr ) 
= (bbb!) a eentanis, (bab*) b, 

— (bb Y) (ba) By bia'rb¥ (babY)b, , ete. 
=4D'(a’b‘b’) byaia,b “(bab*) 4D" (a’ab’) bia’ b¥b, (bab’), ete. 
=4D'a'/a,b,(a'b'b’) [ (bab’) b,— (bab’) by] —9, ete. 
=1D'a''a,b,(a'bYb’) [ (abYb’)b,— (bbb’) ag], ete. 
=} D'a‘la,b,(a’'b’b’) (abYb’)b,, ete. =4¢D'aya,b,a,agb,, ete. 
=7rD'a,b,dgbq[ a7 ag—Grdz ], etc. =7D'a,b,agb,(a8%), ete. 
=7;D'G4+24:D'G4+i:D'G+7:D'G=}3D'G. 


Combining these results as in (3) we obtain G’. 
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TABLE II. 
System of ai+kbi, (aBx)?. 
1 K w=a?+kb?. 
20 | = (abn). 
8. (L)’ =02+2k(abu)’?+kB?. 
4, (L')’ =${3DAj.u3+3D'Ay.ui—2DD' (abu)*. 
5. (D)’ =D4+3kAy.+ 3h Ayo + kD’. 
6. (D’)’=27}9Ajqy~Ai2—DD'| DD’. 
7 @ =4DL’'+AywD+khisDD+Aypl’}. 
8. Cy, =C,—kC;. 
9. Aj =§{8DAjne+DD' Ay. +h (8D! Att DD’ Ay,) }. 
10. Cy = {8D AjoC0,+DD'C,+k (3D'AyCs+ DD'C;) Ps 
11, Cy =(%DAj2t,—3DC.) + 2k (§DD'u,—AjyC, + Aired 129, — AinCs) 
+h? (3 D’Ay,u,—$ D’'Cs). 
12. Ais =$D Aj. +2k (4 DD’ + AyyAios) +h? 3D’ Ay. 
13. Ci =$[3DAy.C,—2DD’C,+ 6k (DAC s—D' Ary.C;) 
—k?(3D'Ay.C,—2DD’'C;) }. 
14, Ff’ =4${3DAp».F +2DD' Ayf—% D°D'g 
+2k(3DAing—DD' Aynf —Ay2DD'9 +3A}.D'f+DD'P) 
+1? (3D'AypF +2DD' Ayp.g— 3%DD"f) {. 
15. .C; =${2DD'AywC,+3D°D'C; 
+2k(3D’ AjyCs+ DD’ AyCs—3 DA joC5—DD' Ayo2C) 
+k? (—2DD’ Aj.C;—% DD”C,) |. 
16. Co =${3DA}.C,—2DD’ Ay.C,—DD' AyyC,4+ 3 D°D'Cs 
+k(—3D' AipC,+2DD'Ay.C.+ DD’ AyC.—3 DD"C;) |. 
17. C;, =4DC +k (ArCy—2 41207 + 3 DCe) 
+? (—AjeC,+ ArwC>—3 D’'C;) +h (—4D'C,). 
18. Cs, =${3DAy.C3s—$D°D'C,+k( 6 DA jpC,—4.DD' Ay.C, + 2DD'C3—3 DACs) 
+? (—6D'AjpC, + 4DD'AyC,—2DD'C5+3D'AyCs) 
+4(3DD"C,—8D' Ay.Cs) |. 
19. G’ =${3D°D'+k(4DD'Ay.—6D A}po) 
+h? (6D’ A?.,.—4DD' Aj.) —3 DD” - k°\G. 
20. IY =$)3D°D’+k(4DD'A;,—6DA 2) 


+1? (6D’A2>—4DD' Ay) —% DD? BIT, 
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§3. System or a3+kb:, cee 
TABLE III. 
(a2+kb?, c2)i} in terms of the system of Baker. 


pias GaN igs vei 
a = (a2 +kb?, cz) 00 00 = Cp then. 
Ajn= (a2+kbi, vi ieee On +kA,. 
Cy = (a+kbi, vi = Cy t+hCn - 
Cy =[a2+2k(ab)i aan 0 —C,+2kM+hCy. 
Aly = [a2 +2k(ab)2+1Bi, C2] = As + 2KN TAY. 
Cy =[a2+4+2k(ab)i LEB Al o Cy+2k(0O,— —0,)+h'Cx. 
FY =[a2-+2k(ab)2+B2, y2\8=Fo+2k(Ag—2P + Adf) + hE. 
Cy =[a2+2k(ab)i +1781, C27 w= Cy +2k(Q— —Q,) +h'Cop. 
Ce = (a2+kbi, Cu p=Cg thle - 
C7 = [ (ab-+kb2) (ab-+28(ab)2-+ HBR), of 10 
=Cg+k(2R,—S iJ +203) +? (2R,—SJ +20,) +h Cos. 
Ct! =[(a2+kb2) (a2 42h (ab) +k Bi), Yalan 
= Cg +k (24,C,—2f8,+37,—T,—JU1) 
+1204 299,437, —T, JU) BC 
GQ =[ (at +b?) (a+ 2k (ab)2+ HBR), cyeli? 
G,+k[24,V— Sor Aili Fel? 20) eae ala as 
= [ (al +2) (a8-+2k(ab)3 +h Bi), c2yulio 
—T,+k[2A,¥ +8,L" —28,8,+ 2;] +k? [—2A,¥—S,L" + 28;8,+ 22] +HT,. 


— 


r 


